We study three dimensional Z2 topological phases enriched by Z T 2 time-reversal symmetry with bosonic bulk excitations. Some of these phases can be constructed by simply coupling the three dimensional symmetry protected topological phases with Z2 × Z T 2 symmetry to a deconfined Z2 gauge field. Besides these simple phases, we also construct two special root phases, whose boundary can have an extra Z2 topological order in addition to their bulk topological order, and the boundary anyon excitations can have fractional time-reversal transformation T with T 4 = −1. In particular, the boundary e and m anyons of one of the two root phases are interchanged under time-reversal transformation, and they must be degenerate and orthogonal with each other. Eventually we obtain (Z2) 2 ⊕ (Z2) 2 classification (8 different phases) for Z T 2 −enriched Z2 topological phases with bosonic bulk excitations in three dimension.
I. INTRODUCTION
The interplay between symmetry and topology can lead to very rich and profound physics. The most famous examples include the 2d quantum spin Hall (QSH) insulator 1, 2 , and 3d topological insulator (TI) [3] [4] [5] , where the U(1) and time-reversal symmetry together guarantee the nontrivial spectrum at the boundary. In the last few years, QSH and TI have been generalized to strongly interacting systems, and in general this type of phases were called symmetry protected topological (SPT) phases. A SPT phase must have completely trivial bulk spectrum, but nontrivial (either gapless or degenerate) boundary spectrum when the system has certain symmetry. In the last few years, SPT phase has rapidly developed into a very active and exciting field [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . So far we have understood many SPT phases, including their mathematical classification 6, 7 , effective field theories and bulk ground state wave functions [13] [14] [15] [16] 23 , boundary properties 13 , and bulk defects 20, 24 . SPT phases are short-range entangled states without intrinsic topological order in the bulk. In the last few years a closely related concept called symmetry enriched topological (SET) phases also emerged and soon attracted a lot of attentions. Unlike SPT phases, SET phases have intrinsic topological orders in the bulk, and these SET phases with the same bulk topological order are only distinct from each other when the system has certain global symmetry G s . Mathematical classification of SET phases was studied in Ref. [25] [26] [27] , and according to Ref. 27 , SET phases with gauge group G g and global symmetry G s are classified based on a larger group G that satisfies G/G g = G s . However, physical properties of most of these SET phases have not been explored yet.
In this work we classify/study three dimensional Z 2 topological phases with Z T 2 time-reversal symmetry (G g = Z 2 , G s = Z T 2 ). We expect these phases to be realizable in spin systems with local Hamiltonians, and we will focus on the phases with bosonic bulk excitations. The reason we choose to study SET phases with G g = Z 2 and G s = Z T 2 is the following: i. Z 2 topological order is the simplest topological order, and most likely to occur in nature. Z 2 topological order have been confirmed numerically in various frustrated quantum spin models and quantum boson models [28] [29] [30] [31] [32] , and it was proposed in many papers that the ground state of the organic quantum frustrated spin systems κ-(BEDT-TTF) 2 Cu 2 (CN) 3 33,34 and
35-37 must be a spin liquid with Z 2 topological order [38] [39] [40] [41] [42] . These spin liquid phases can be viewed as spin symmetry enriched Z 2 topological phases. An exactly soluble model of this type of Z 2 spin liquid with SO(3) spin symmetry is given in Ref. 43 . ii. Time-reversal symmetry Z T 2 is the most natural symmetry of strongly correlated spin systems. Due to spin-orbit coupling, the SU(2) spin symmetry may be broken, but time-reversal symmetry is still preserved. Thus a spin system in the absence of external magnetic field and magnetic impurities should have at least the time-reversal symmetry. Thus the phases with G s = Z T 2 and G g = Z 2 are very natural SET phases that will most likely occur in nature.
iii. According to Ref. 27 , SET phases with gauge group G g and global symmetry G s are classified based on an extension group G that satisfies
But the group cohomology of all the possible extension G besides Z 2 × Z T 2 is not known yet. Thus it is necessary to classify/study SET phases with G s = Z T 2 using a different formalism. We will demonstrate that in three dimensional space there are indeed four different phases that cannot be classified using
The classification of 2d SET phases with Z 2 topolog-ical order has been studied in detail in Ref. 44 using the Chern-Simons formalism. We will focus on three dimension in this paper. The goal of this paper is to classify the 3d Z T 2 −enriched Z 2 topological phases with bosonic bulk excitations (the cases with fermionic bulk excitations will be briefly discussed in the end), and explore their properties using their bulk field theories. In total we obtain four different root phases, based on which all the other phases can be constructed. Just like SPT phases, SET phases can have nontrivial boundary states. The boundary of the root phases constructed in this paper can have an extra Z 2 topological order in addition to the bulk Z 2 topological order, and the boundary anyons will have nontrivial transformations under both Z classification, namely all the phases can be constructed with three basic root phases, which can be described by the disordered phase (the phase where coupling constant g flows to infinity under renormalization group) of the following O(5) nonlinear sigma model (NLSM) field theory 23 :
where n is a five component vector with unit length, and Ω 4 is the volume of a four dimensional sphere with unit radius. These three root phases are described by the same field theory Eq. 1, but different transformations of the order parameter n under the Z 2 × Z T 2 symmetry:
Phase 0 : Z 2 : n → n, T : n → − n;
T : n → − n;
These three choices of transformations all keep the entire action Eq. 1 including the Θ−term invariant under Z 2 × Z T 2 , and these transformations lead to three different root SPT phases, based on which all the seven SPT phases can be constructed. After coupling the components of n that transform nontrivially under Z 2 to a dynamical Z 2 gauge field (for example in phase−1, components n 1 and n 2 are coupled to the Z 2 gauge field), we obtain three different root phases for 3d Z T 2 −enriched Z 2 topological phases. These are the phases that can be classified using group cohomology of G = Z 2 × Z T 2 . However, the order parameter n in phase−0 does not couple to the Z 2 gauge field at all, this means that it only gives us a phase with Z 2 gauge field and a SPT phase trivially weakly coupled together, which does not contain any new physics. Thus we only count Z 2 -gauged phase−1 and 2 as Z T 2 enriched Z 2 topological phase, which leads to (Z 2 )
2 classification (four phases in total).
The phases mentioned above clearly do not exhaust all the possible Z T 2 −enriched topological phases, because in Eq. 1 all components of n that couple to the Z 2 gauge field carry an ordinary Ising representation of time-reversal symmetry that satisfies T 2 = 1, while in a Z 2 topological phase, a Z 2 gauge charge can carry a projective (or fractional) representation of Z T 2 that satisfies T 2 = −1, thus a pair of Z 2 gauge charges together still carry an ordinary Ising representation.
One standard way of introducing fractional degrees of freedom for spin systems is the CP 1 formalism:
where n is a unit-length three component vector order parameter that changes sign under Z T 2 (for example n can be the ordinary Néel order parameter), and z α = (z 1 , z 2 ) is a fractional bosonic field that transforms under timereversal T : z α → iσ y αβ z β , thus T 2 = −1. The fractional field z α is defined up to an arbitrary local U(1) rotation: z α → e iθ z α , thus in principle z α is effectively coupled to a U(1) gauge field. However, the U(1) gauge field can be broken down to a Z 2 gauge field by condensing a pair of z α that is invariant under time-reversal transformation, for example ǫ αβ ǫ ij z α,i z β,j , where i, j are two different sites. In this work we assume that this condensation occurs at a high energy scale, thus at low energy the system is described by z α coupled to a deconfined Z 2 gauge field. We can use the fractional degree of freedom z α to construct 3d NLSMs with a Θ−term like Eq. 1 that is invariant under both timereversal transformation and Z 2 gauge symmetry. Since the Z 2 gauge field is fully gapped, at the mean field level we can ignore the gauge fluctuation, and just construct NLSMs that are invariant under time-reversal and Z 2 global symmetry. These NLSMs should correspond to the desired Z T 2 −enriched Z 2 topological phases. In the next two sections we will describe two different root phases that can be constructed using z α .
III. PHASE 3
All these phases that we consider in this paper have the same field theory as Eq. 1, but n will transform differently from Eq. 2. In particular, the first example we consider has the following transformations:
Eq. 1 is invariant under these transformations. We will ignore the Z 2 gauge fluctuation tentatively, and the rest of the analysis is similar to Ref. 13 . With Θ = 2π in the bulk theory Eq. 1, the 2+1d boundary of the system is described by a 2+1d O(5) NLSM with a Wess-ZuminoWitten (WZW) term at level k = 1:
where n(x, τ, u) satisfies n(x, τ, 0) = (0, 0, 0, 0, 1) and n(x, τ, 1) = n(x, τ ). If the time-reversal symmetry is preserved, namely n 5 = 0, we can integrate out n 5 , and Eq. 5 reduces to a 2+1d O(4) NLSM with Θ = π:
In Eq. 6 Θ = π is protected by time-reversal symmetry.
A. Possible boundary topological orders
The topological terms in Eq. 5 and Eq. 6 guarantee that the boundary cannot be gapped without degeneracy. One particularly interesting possibility of the boundary is a phase with 2d Z 2 topological order, which is on top of the bulk Z 2 topological order 13 . A 2d Z 2 topological phase has e and m excitations that have mutual semion statistics 45 . The semion statistics can be directly read off from Eq. 6: the Θ−term in Eq. 6 implies that a vortex of (n 3 , n 4 ) carries half charge of z 1 , while a vortex of (n 1 , n 2 ) carries half charge of z 2 , thus vortices of z 1 and z 2 are bosons with mutual semion statistics. This statistics survives after z 1 and z 2 are disordered at the boundary, then the disordered phase must inherit the statistics and become a Z 2 topological phase 13 . The vortices of (n 1 , n 2 ) and (n 3 , n 4 ) become the e and m excitations respectively. Normally a vortex defect is discussed in systems with a U(1) global symmetry. We do not assume such U(1) global symmetry in our case, this symmetry reduction is unimportant in the Z 2 topological phase.
At the vortex core of (n 3 , n 4 ), namely the m excitation, Eq. 5 reduces to a 0 + 1d O(3) NLSM with a WZW term at level 1 46 :
where N ∼ (n 1 , n 2 , n 5 ). This 0+1d field theory describes a single particle moving on a 2d sphere with a magnetic monopole at the origin. It is well known that if there is a SO(3) symmetry for N , then the ground state of this 0d problem has two fold degeneracy, with two orthogonal solutions
Likewise, the vortex of (n 1 , n 2 ) (e excitation) also carries a doublet (u e , v e ). Under the bulk Z 2 gauge transformation, φ → φ + π, thus u e,m and v e,m carry charge ±1/2 of the bulk Z 2 gauge symmetry, namely under the bulk Z 2 gauge transformation:
where U e,m = (u e,m , v e,m ) t . So the bulk Z 2 gauge symmetry further fractionalizes at the boundary, and for both e and m anyons, the bulk Z 2 gauge transformation satisfies (G g ) 2 = −1. At the boundary of an ordinary bosonic SPT phase with Z T 2 symmetry, the e and m excitations of the boundary Z 2 topological order are both Kramers' doublet 13 . In our case, Eq. 4 implies that time-reversal transformation T switches e and m excitations at the boundary. More precisely, Eq. 4 leads to the following transformation:
namely one of the possible boundary theories is a "selfdual" Z 2 topological order, and the duality transformation between e and m is the time-reversal transformation.
Both U e and U m excitations satisfy
symmetry further fractionalizes at the boundary Z 2 topological order. The condensation of either e or m anyon will automatically break the time-reversal symmetry, thus the boundary cannot be driven into a trivial confined nondegenerate state without breaking time-reversal symmetry.
In the boundary Z 2 topological order, e and m excitations are connected by the time-reversal transformation. Also, because e and m are different topological sectors, no local perturbation can mix e and m. Thus as long as time-reversal symmetry is preserved, e and m excitations must be degenerate and orthogonal states. However, e (or m) excitation itself is not a doublet, because nothing forbids splitting between u e and v e : there is no symmetry transformation that interchanges u e and v e .
The same bulk theory Eq. 1 and Eq. 4 can lead to another different boundary Z 2 topological order. For example, the e and m excitations of the boundary Z 2 phase can correspond to vortices of (n 1 , n 3 ) and (n 2 , n 4 ) respectively. Then under time-reversal transformation, the e and m excitations transform as
Both e and m excitations still satisfy T 4 = −1, and they are both doublet, because there is no symmetry allowed local term that can mix or lift the degeneracy between u e and v e .
B. Bulk ground state wave function
An ordinary Z 2 topological order on a 3d lattice is described by the following Hamiltonian:
σ z and σ x are Pauli matrices defined on the links of the lattice. The first term of Eq. 12 is a sum of product of σ z around each plaquettes of the lattice, while the second term is a sum of product of σ x around each vertex. The ground state of the first term of this Hamiltonian is highly degenerate: they are all the configurations of σ z in which the product of σ z is +1 on every plaquette. Obviously σ z = +1 everywhere is one of the configurations. And all the other ground state configurations of the first term can be obtained by flipping σ z to −1 on a closed 2d membrane of the 3d lattice. The second term will mix the configurations that minimize the first term. Eventually the ground state wave function of this ordinary Z 2 topological order is
this is an equal weight superposition of all the membrane configurations within the same topological sector. The Z T 2 −enriched topological order is also a disordered phase of time-reversal symmetry. The ground state wave function of an ordinary time-reversal invariant phase can be naively written as |Ψ ∼ |domain wall , which is a superposition of all the configurations of time-reversal symmetry domain walls (Z T 2 −domain wall). We will argue that the ground state wave function of phase A discussed in this section is
which is a superposition of all the configurations of both Z n(x, y, z = 0, τ ) = (n 1 , n 2 , n 3 , n 4 , 0); (15) then effectively the theory that describes the XY plane is a 2+1d O(4) NLSM for unit vector n = (n 1 , n 2 , n 3 , n 4 ) with Θ = 2π. If we ignore the bulk gauge fluctuation, i.e. treat the bulk Z 2 gauge field at the mean field level, then the Z 2 gauge symmetry becomes a Z 2 global symmetry of n = (n 1 , n 2 , n 3 , n 4 ). Because n a all change sign under this Z 2 transformation, this O(4) NLSM at the domain wall of n 5 describes a 2d SPT with Z 2 symmetry. The wave function of this 2d Z 2 SPT phase is |Ψ ∼ (−1) #of dw |Z 2 Config , which is a superposition of all Z 2 Ising configurations, and dw denotes the domain walls of the Ising configurations 8, 16 , thus each domain wall will contribute factor (−1) to the wave function. Now after we couple the global Z 2 symmetry to a Z 2 gauge field, then a Z 2 domain wall on a Z T 2 −domain wall is precisely a intersection between the Z T 2 −domain wall and the membrane σ z = −1. Thus eventually we obtain the wave function Eq. 14.
IV. PHASE 4
Besides Eq. 4, another set of transformation rules also keep Eq. 1 invariant:
T : n 1 → n 2 , n 2 → −n 1 , n a → −n a , a = 3, 4, 5. (16) The NLSM Eq. 1 with transformations Eq. 16 describe another type of 3d Z 2 topological phase with timereversal symmetry. Eq. 4 and Eq. 16 are the only two types of transformations that involve fractional bosons and keep Eq. 1 invariant.
Just like phase 3 discussed in the previous section, the boundary of this phase can have a Z 2 topological order on top of the bulk Z 2 topological order. The e and m excitations of the boundary Z 2 topological order transform under time-reversal symmetry:
Thus m excitation is an ordinary Kramers' doublet, while e excitation is a doublet with T 4 = −1. Notice that the label e and m are chosen arbitrarily, thus we do not distinguish this boundary theory with another case that transforms under T as
The field theories of both phase 3 and 4 involve a Θ−term in the bulk, which is defined in 3+1d space-time based on homotopy group π 4 [S 4 ] = Z. Let us couple two copies of Eq. 1 with Θ = 2π through a coupling allowed by symmetry and gauge symmetry:
Then when h = −∞, n 1 ∼ n 2 = n, the two Θ−terms combine into one Θ−term for n with Θ = 4π; while when h = +∞, then n 1 ∼ − n 2 = n, the two Θ−terms effectively cancel each other, and combine into a Θ−term with Θ = 0. And for h ∈ (−∞, +∞) the bulk gap is not closed. 2 classification 6,7 , and these phases can all be constructed using the following two 2+1d O(4) NLSMs 23 :
: Z 2 : n 1 , n 2 → −n 1 , −n 2 , n 3 , n 4 → n 3 , n 4 ;
:
Two different 2d SET root phases can be constructed by coupling the two SPT phases above to a deconfined Z 2 gauge field. In SET root phase (1), e and m anyons are T 2 = 1 boson and T 2 = −1 boson respectively. In this phase, a vison is bound with half-vortex of (n 1 , n 2 ), and at the half-vortex core of (n 1 , n 2 ), the 2 + 1d Θ−term reduces to a 0 + 1d Θ−term with Θ 0d = π:
where l is the line coordinate along a large closed circle around the vison. This 0+1d model can be solved exactly, and its ground state is two fold degenerate, which is precisely a Kramers doublet. SET root phase (2) is a double semion theory. In this phase, a vison is bound with half-vortex of either (n 1 , n 2 ) or (n 3 , n 4 ), and because of the Θ−term, a vison will carry a Z 2 gauge charge, which changes the statistics of the vison to semion. Eq. 6 can be rewritten as a SU (2) 
According to Ref. 9,11, after integrating out matrix field G, gauge fields a µ and b µ both acquire a Chern-Simons term:
This is because Eq. 6 also describes a U(1) bosonic SPT phase with Hall conductivity 2. The Chern-Simons action Eq. 21 gives the π−flux of U(1) gauge field a µ and b µ a semion statistics, with statistics angle +π/2 and −π/2 respectively. Notice that the two U(1) gauge groups share the same Z 2 transformation G → −G, thus we can break the two U(1) gauge fields down to one Z 2 gauge field, then the dynamical π−flux of this Z 2 gauge field has two different flavors with semionic statistics angle +π/2 and −π/2 respectively. The same effect was discussed in Ref. 8 , where it was proved that after coupling the 2d SPT phase with Z 2 symmetry to a Z 2 gauge field, the system becomes a double semion theory. In fact, the field theory of the SPT phase discussed in Ref. 8 is also an O(4) NLSM with Θ = 2π 16 . Just like the 3d examples we discussed in previous section, we can also try to construct 2d SET phases using fractionalized boson z α with T 2 = −1. However, if we do not distinguish between e and m anyons, then root phase (1) is equivalent to the ordinary 2d Z 2 spin liquid with T 2 = −1 bosonic spinons z α , and it is the only phase that we would be able to construct starting with fractional boson z α , because starting with z α one cannot construct any 2+1d Θ−term that is invariant under Z T 2 . Thus NLSM constructed with T 2 = −1 fractional bosons does not lead to any new Z T 2 −enriched Z 2 topological phase in 2d.
VI. SUMMARY AND GENERALIZATION
So far we have constructed four different root phases. We can weakly couple these root phases together and construct all the Z T 2 −enriched Z 2 topological phases. For example, phase−1 and 2 in Eq 2 together give us four different combinations and classification (Z 2 )
2 , and phase-3 and 4 in section III and IV also give us classification (Z 2 )
2 . However, in one physical system, Z 2 gauge charges should have either T 2 = 1 or −1, but not both, because two Z 2 gauge charges together is gauge neutral, thus they should fuse into an ordinary representation of physical symmetry Z T 2 . If the same Z 2 gauge field is coupled to two different gauge charges with T 2 = 1 and −1 respectively, then two gauge charges can fuse into a gauge neutral excitation with T 2 = −1, which violates the basic rule. Thus eventually the classification for Z T 2 −enriched Z 2 topological phases with bosonic bulk excitations is (Z 2 ) 2 ⊕ (Z 2 ) 2 , namely there are in total 8 different phases.
Throughout the paper we only considered SET phases with bosonic bulk gauge charges. In a Z 2 topological order, the gauge charges can also be fermions. However, the classification of such phases requires a full understanding of strongly interacting SPT phases of fermions with timereversal symmetry. A fermionic gauge charge can have either T 2 = +1 or −1. For T 2 = −1 noninteracting fermions, there are infinite number of 3d SPT phases (3d topological superconductors) with classification Z 47-49 . For T 2 = +1 fermions, there is no nontrivial 3d fermionic SPT phase in the noninteracting case. Thus at the "mean field level", fermoinic gauge charges will contribute classification Z ⊕ Z 1 , where Z comes from coupling integer copies of topological superconductor He3B to a deconfined Z 2 gauge field, and Z 1 comes from coupling the trivial insulator/superconductor of T 2 = +1 fermions to a Z 2 gauge field. However, it is wellknown that interacting fermionic SPT phases can have a very different classification from free fermions [50] [51] [52] [53] , thus further study is required to finally determine the complete classification involving fermionic gauge charges beyond mean field.
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